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Doubly regular tournaments and homogeneous tournaments are defined 
and shown to be equivalent. Existence of such a tournament of order n is 
equivalent to the existence of a skew Hadamard matrix of order n + 1. Thus, 
such a tournament of order n exists whenever n + 1 = 25’~~ **a k., each kf 
of the form p’ + 1 = 0 (mod 4), p a prime, and for various other orders. 
A tournament T,, of order n is a directed graph of n nodes such that each 
pair of distinct nodes v and w  is joined by exactly one of the arcs Cw or 
Gv. If v and w  are distinct nodes of T, , then ad(v) (respectively, od(v, NJ)) 
is the number of nodes dominated by v (respectively, by both v and w). 
See Moon [6] for any undefined terms. 
DEFINITION 1. A doubly regular tournament of order n, denoted 
DRT, , is a tournament such that there exist integers m, , m2, satisfying 
(i) ad(v) = m, for every node v of DRT, , and 
(ii) od(v, W) = m2 for every pair of distinct nodes v, w  of DRT, . 
It is easy to see that, if m2 = j, then ml = 2j + 1, and n = 4j + 3. 
DEFINITION 2. Let e be an arc of a tournament T, . Define 7(e) to be 
the number of 3-cycles of T,, containing e. A homogeneous tournament 
of order n, denoted HT, , is a tournament such that there exists an integer 
k > 0 so that T(e) = k for every arc e of T,, . This definition is due to 
A. Kotzig. 
EXAMPLE. The tournament with the elements of 2, as nodes and arcs 
given by x + x + 01, x an integer (mod 7) and OL a quadratic residue 
(mod 7), is both doubly regular and homogeneous. 
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The problem of existence of homogeneous tournaments of all orders n, 
n = 4j + 3, is equivalent to the problem of the existence of doubly 
regular tournaments of orders n = 4j + 3 as is seen in the following 
theorem: 
THEOREM 1. Let n = 4j + 3. Then T, is a DRT, iff T,, is an HT, 
withk=j+ 1. 
Proox Suppose T,, is a DRT, . Let jtu be an arc of T, . Since 
od(x, y) = j and ad(y) = 2j + 1, there are exactly k = j + 1 nodes of 
T,, which dominate x and are dominated by y. As ?y was arbitrary, T, is 
homogeneous with k = j + 1. 
Conversely, suppose T, is homogeneous with k = j + 1. First, we show 
that T,, is regular. Let x be a node of T, . Let the nodes dominated by x 
be denoted A, and the nodes that dominate x be denoted B. We count the 
arcs directed from A to B in two ways. Let z be a node of A and w  a node 
of B. Since T(X’Z) = k = j + 1, z dominates exactly k nodes of B. Since 
T@X) = k, w  is dominated by exactly k nodes of A. Thus, ] A I - k = 
1 B ] * kand] A ] = I B I.Asxwasarbitrary, T,isregularandn = 2m + 1, 
for some integer m > 1. Next, we show m = 2j + 1 by counting 3-cycles. 
Any regular T,, , n = 2m + 1, contains (2m + l)(m + l)(m)/6 3-cycles 
(e.g., see [6, p. 91). Since T(e) = k = j + 1 for every arc e of T,, , 
T, contains (j + 1)(;)/3 = (j + 1)(2m + 1)(2m)/6 3-cycles. Thus, 
(m + l)(m) = (j + 1)(2m), i.e., m = 2j + 1. Finally, let x and y be two 
distinct nodes of T, . We may assume jty is an arc of T,, . If the set 
of arcs that dominate x is denoted C, then od(x, y) = ad(y) - (the 
number of arcs directed from y to C) = (2j + 1) - (j + 1) = j, since 
+y) = k = j + 1. Consequently, T,, is doubly regular with parameters 
(4.j + 3, Y + Lj). 
It is easy to check that, for n a prime, n = 3 (mod 4), the tournament 
with nodes 2, and arcs given by x -+ x + OL, x an integer (mod n) and OL 
a quadratic residue (mod n), is a DRT,. A. Kotzig has obtained an example 
of a non-prime n (namely, n = 15) for which there exists a DRT, . 
He conjectured [5] that, if there exists an HT, (i.e., a DRT,), then there 
exists an HT2,+1 . Such is actually the case. For, if A is the adjacency 
matrix of a DRT, , then B is the adjacency matrix of a DRT,,,, , where 
Here AT is the transpose of A, C,,(Ca is the n x 1 matrix of O’s (l’s), 
R,,(R,) is the 1 x n matrix of O’s (l’s), and Z, is the n x n identity matrix. 
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Further, the question of existence of a DRT, for n = pr = 3 (mod 4) 
p prime, is settled by using quadratic resides in GF(pr). For such n = pr 
the nodes of the tournament are the elements of GF(pC) and arcs are given 
by x -+ x + (Y, x an element of GF(p? and (y. a quadratic residue. Since 
the quadratic residues in GF(p’) form a (p’ = 4j + 3, 2j + 1, j) dif- 
ference set [2], this tournament is a DRT, . However, the existence of 
a DRT, for all orders n considered above is a consequence of our second 
theorem. 
Our second theorem shows that the existence of a DRT, is equivalent 
to the existence of a skew Hadamard matrix of order n + 1. First a lemma 
is needed. 
DEFINITION 3. A Hadamard matrix H of order 4m is a 4m x 4m 
matrix of + l’s and -1’s such that 
HHT = 4mI, 
where I is the 4m x 4m identity matrix. 
DEFINITION 4. A Hadamard matrix H is skew if 
H + H= = 21. 
LEMMA 1. If H is a skew Hadamard matrix of order 4m, r is an integer, 
1 6 r < 4m, and E,. = (edi) is the 4m x 4m matrix given by 
1 
1, if i=j#r 
Qj = -1, if i=j=r (l<i,j<4m) 
0, otherwise, 
then E,HE, is also a skew Hadamard matrix of order 4m. 
Proof. Note that E,’ = E, . Thus 
(E,.HE,)(E,HE,)T = E,HE,.EJ9rE7 = E,HHTE, = E,(4ml) E, = 4mI 
and (E7HEJ + (E7HEJT = E,HE, + E,WE, = E,(H + IIT) ET = 
E,(21) E, = 21. Hence E,HE, is a skew Hadamard matrix of order 4m. 
Note that EJ!IEr has the effect of multiplying row r and column r or H 
by - 1. If H is a skew Hadamard matrix, then the entry in row 1 and 
column 1 is + 1 (Def 4). Consequently, by use of Lemma 1 if necessary, 
we may assume that the first row of H consists entirely of + 1’s. 
THEOREM 2. Let n = 4j + 3, where j is a non-negative integer. Then 
there exists a DRT, zrthere exists a skew Ha&mard matrix of order n + 1. 
TOURNAMENTS AND HADAMARD MATRICES 335 
Proof Suppose there exists a DRT, with adjacency matrix A = (A&, 
1 < k, m < 4j + 3. Form a new matrix H = (Z&, 1 < k, m < 4j + 4, 
by putting 
bl, = t-1 for 1 < m < 4j + 4, 
brI = -1 for 2 < k < 4j + 4, 
and for k, m = 2,..., 4j + 4 
bkm = +1 if akm = +l or k=m, 
b k.m = --l if ak,,& 0 and k # m. 
To show HHT = (n + l)Z, consider sums of the form 
n+1 
C bkibmt , l<k, m<n+l. 
i=l 
(1) k = m : 
n+1 n+1 n+1 
c bsibki= c (bki)‘= c 1 =n+l. 
i-l i=l i=l 
(2) 1 = k # m: Since row m of A contains (2j + 1) +1’s and (2j + 2) 
O’s, row m of H contains (2j + 2) + l’s and (2j + 2) - 1’s. Thus, 
n+1 R+l 
C blibmi = C b,i = (2j + 2) - (2j + 2) = 0. 
i=l i=l 
(3) 1 = m # k: Similar to (2). 
(4) 1 # k # m # 1: Since I{i I ski = ami = +I}1 = j, I(i I ski = 
ami =O}l=j+l, and bkl=b,,=-1, I{iIbk,ib,i=+l}1=2j$-2. 
Thus, 
n+1 
C bkib,ni = (2j + 2) - (2j + 2) = 0. 
i=l 
Consequently, HHT = (n + 1)I. 
To show H + HT = 21, consider sums of the form brcm + bmk . 
(1) k = m: b,, + bkk = 1 + 1 = 2. 
(2) 1 = k # m: bI, + bmI = 1 - 1 = 0. 
(3) 1 = m # k: b%,, + bIk = -1 -I- 1 = 0. 
(4)1#k#m#l: bk,,,-i-b,a=l-1, or -l+l=O, as 
A + AT + Z = J, where J is the matrix of all + 1’s. 
Thus, H is a skew Hadamard matrix of order n + 1 = 4j + 4. 
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On the other hand, let H = (bSm) be a skew Hadamard matrix of order 
n + 1 = 4j + 4. As above, we assume that the first row of H consists 
entirely of + 1’s. This implies bi,, = -1,2<m,(n+l.AsHisskew, 
bkl,=+I,l <Ic~n++.FormanewmatrixA=(a,,),1 <k,m<n, 
by putting 
a,, = 
1 
+I, if bk+l.m+l = +I and k # m, 
0, if b k+l.m+l = -1 or k=m. 
Since H + HT = 21, A + AT + Z = J. Thus, A is the adjacency 
matrix of a tournament of order n = 4j + 3. Since HHT = (n + l)Z, 
fork # 1, 
n+1 n+1 
C b,<b,< = 1 bki = 0, 
i=l I=1 
so that each row of H other than the first contains (2j + 2) +1’s and 
(2j + 2) - 1’s. Thus, each row of A contains exactly (2j + 1) + l’s, so that 
A is the adjacency matrix of a regular tournament. Finally, consider row 
(k - 1) and row (m - 1) of A (k < m). Let 
01 = I{i ( bki = bmi = +l}i, 
/3 = I{i 1 b,, = bmi = -1}1, 
y = I{i I bki = --bmi = +l}/, 
6 = I{i 1 bki = --bmi = -l}l. 
Recall that HHT = 21. Hence, for r = k, m, 
n+1 n+1 
C blibri = 1 bTi = 0, 
i=l i=l 
sothatol+y=/I+6=2j+2=fl+y=a+8,ory=8andol=fi. 
Also, x:2. bkIbmi = 0, so cx + /I = y + 6. Thus, cy = j + 1. Among 
the j + 1 values of i counted by 01 either k or m occurs since either 
bkm or blnk is + 1. Hence, in A there are exactly j values of i so that 
uk--l,i = a,-,,i = +l, so any two rows of A contain exactly j +1’s in 
the same column. Consequently, A is the adjacency matrix of a DRT, . 
LEMMA 2. There is a skew Hadamardmatrix of order n ifn = 2tkl ** ’ k, , 
each ki of the form p’ + 1 = 0 (mod 4), p a prime. 
Proof. Hall ([4, Lemma 14.1.6, p. 2121). 
COROLLARY. There exists a DRT, if n + 1 = 2tk, .+a k, , each ki 
of the form p’ + 1 z 0 (mod 4). 
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Proof. This follows from Theorem 4 and Lemma 2. 
The authors wish to acknowledge a suggestion of Professor N. S. 
Mendelsohn used in the proof of Theorem 2. 
The only orders n < 100 not covered by the corollary are n = 35,51,76, 
91, 99. However, skew Hadamard matrices have been shown to exist for 
orders 36 (Goethals and Seidel [3]), 52 ([3]; Blatt and Szekeres [I]), 
76 (Szekeres, orders 2(pt + 1) = 12 (mod 16), p prime, [7]). Thus, the 
smallest open case for existence of a DRT, is n = 91. 
While certainly there exist regular and doubly regular tournaments, 
our final result shows that “triply regular” tournaments do not exist. Note 
that, for three distinct nodes x, y, z of a tournament T, , od(x, y, z) is 
the number of nodes dominated by x, y, and z. 
THEOREM 3. There exist no tournament T,, so that for some integers 
k 4.i 
(i) ad(x) = k, for every node x of T, , 
(ii) od(x, y) = I, for every pair of distinct nodes x and y of T, , 
(iii) od(x, y, z) = j, for every triple of distinct nodes x, y, z of T,, . 
Proof. Suppose T, is a tournament satisfying (i), (ii), and (iii) for some 
integers k, I, j. It is easy to see that I = 2j + 1, k = 4j + 3, and n = 8j + 7. 
Fix nodes x # y in T, and suppose x dominates y. Define four sets of 
nodes of T, as follows: 
A = {z 1 z dominates x and y}, 
B = {z 1 x dominates z and z dominates y], 
C = {z 1 x and y dominate z}, 
D = (z ] z dominates x and y dominates z}. 
ThenIAj=IB]=IC/=]D]-1=2j+l.Further,Cisaregular 
subtournament of T, of order 2j + 1. Consequently, the number of arcs 
of T, directed into C equals the number of arcs of T,, directed out of C. 
Since od(x, y, z) = j for all z # x or y, we see that each node z dominates 
exactly j nodes of C and is dominated by j of the nodes of C, if z is in C, 
and by j + 1 nodes of C, if z is in A, B, or D. Hence, the number of arcs 
directed into C is given by the following table: 
Number of arcs Contributed by 
2j+ 1 X 
2j+ 1 Y 
A2 + 2) nodes of D 
2jC2j + 1) nodes of A and B 
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Likewise, the number of arcs directed out of C is given by the following 
table: 
Number of arcs Contributed by 
(j + 1W + 2) nodes of D 
2(j + 1)(2j + 1) nodes of A and B 
Totaling the two columns above yields 6j2 + 8j + 2 arcs directed into C 
and 6j2 + IOj + 4 arcs directed out of C. This is a contradiction as 
j 3 0. Theorem 3 follows. 
Denoting regular (respectively, doubly regular) tournaments as l-regular 
(respectively, 2-regular) tournaments, we see that k-regular tournaments 
do not exist for k > 3 as such would, in particular, be 3-regular, contrary 
to Theorem 3. 
Note added in proof: J. J. Seidel has obtained an alternate proof of Theorem 2, but 
his proof together with other results on tournaments will appear elsewhere. 
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